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1 The basic model (section 2)

The consumer problem. From (3), (4), and (13), the second-period individual constraint
(9) can be rewritten as e;y1 = gr+1 (1 + €) ag,which can be substituted in (10) to obtain

_e(l—di)ersr (A1)
g1 (1 +¢)

The individual problem consists of choosing ¢; and e;y1 in order to maximize lifetime util-
ity subject to (Al): first order conditions for an interior solution imply (14). Substituting
equilibrium prices (7)-(8) and condition (14) in individual budget constraints (9)-(10), equi-
librium consumption levels are

Cy = Wy

Wy 1

Ct = 1_’_f zﬁ(l—a)yt, (AQ)
1+n

ery1 = 1+B(0¢+5)yt+1- (A3)

Derivation of (15). Substituting e;1; = ¢:41 (1 4+ ¢) a; in (A3) gives

__(A+n)(a+p)
e 8 (L .

From (7) and (13), gi41 = am@ 25, (1 — T441) can be substituted in (A4) to obtain

_ (4m@+h)
" G A (e (1 — ) (45)

Now consider the system

Gi+1 erp1 (1 —dy)
= , A6
qt Ber (1+¢) (A6)
Q1 _ P (1 - Tt+1> 7 (A7)
qt Y43 1—m7

where (A6) is the optimality condition (14), and (A7) is implied by no-arbitrage condition
(13). Substituting (A2)-(A3) in (A6), and (7) in (A7) respectively gives

@1 (L4+n)(a+pB)(1—d) (yt+1>
« ~  Bl-w0+9 \w ) (48)
qt+1 _ Tt (1 - Tt+1> Yt+1 7 (A9)
qt Tt+1 1—7y Yt

implying
i1 Bl —a)(+e) (1 —Te1)
= . (A10)
e (I+n)(a+8)(1—d)(1—7)
Substituting (A10) in (A5) gives eq.(15) in the text.

Proof of Proposition 1. Under laissez-faire 2,11 = 2; = Z, which implies that U; is
proportional to y; (see equation (A14) derived below). Hence, satisfying the sustainability
condition (1) in the laissez-faire economy requires 0¥ > 1. Setting z¢11 = 2z = Z in (18) it
follows that 0¥ > 1 if and only if (22) is satisfied. Substituting (15) and v = 8~' — 1 in (22)
yields (23).

Deriving tax-subsidy rates in (25). Setting z; = 2/, 7 = 7/ and d; = d’ in equations
(24) and (11) gives

Y o= E(1-)(1—d), (A11)
'y = (1-7)d, (A12)



respectively. Substituting (A12) in (A11) gives 7/ = ﬁ, which can be substituted back

in (A1l) to obtain d’ = %, which is the subsidy rate level in (25). The tax rate level in
(25) then follows from 7/ = 2(1‘17_/(1,) as obtained above.

Proof of Lemma 2. It follows from (A2)-(A3) that

Ui =log (1—&—;) + Blog (14 n) ?Ig

+ logy: + Blog Y1 (A13)

From (18), Blogy:+1 = Blogy: + aBlog %, and (A13) can be rewritten as

o (555) [R5 ] )

If the policymaker sets z; = p in each period, (18) implies y; be constant over time and
(A14) implies U; be constant over time. More generally, from (A14), any path with constant
utility requires

Zty2 2 |:Zt (1+ 2441)

1

]
= for each t € [0,00). Al5
I+z42  (1+p) Zt+1(1+p)} 0 00) (A15)

2 Resource-saving transfers (section 3)

Deriving expression (28). Given the initial endowment Ry = 79Ny, solving (16) and
(17) backward yields

1+e\' = T 1
= . . Al6
Ty 7’0(1+n) 1+ztjl;[O1+zj ( )
Substituting (A16) in yy = m¥x$ gives
Zt o
= = A17
=120 (A17)

where .
Tomo (1 + p)

t—1
is a function of H; and is therefore taken as given by the agent born in period t. Expression
(A18) implies that ¢,,; = ¢, (1 + p) (1 +2) ", and thus

¢y = (A18)

_ (1+p) 241 “
Bt = {(1 +2) (1+ zm)(z)t} ' (A19)

Substituting (A17) and (A19) in (A13) yields

ol [(153) (o) (25 [t )

) B
Setting ; = log { (%) o [w@a} } yields expression (28) in the text.
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Deriving expressions (29) and (30). It follows from (28) that

~ « ~qaf
_ z 1 1+pz
V(0,0) = Q+10g{<1+5> <1+2> T } (A20)
~ a ap
_ z 1 1—|—p
V(0,1) = Q—Hog{(l_’_g) <1+2> T } (A21)
V(1,00 = Q+lo 2N 1*’)5 v (A22)
’ N S \1 2 1+ 2 1+ 2
7 Z/ [e3 1 1+p /aﬁ
V(1,1 = Q+1og{(1+z/) (1+z’) T+ (A23)

Expressions (29) and (30) in the text are proved as follows: Z > z’ implies

2 (1+2
— 1. A24
E (1—|—z’> = (A24)
Hence, from (A20)-(A21) we have V (0,0) > V' (0, 1), because [ig(lfj;))} > 1; from (A22)-
50421
(A23) we have V (1,0) > V (1,1), because > 1.

2/ (1+2)
Proof of Proposition 3. From (A20) and (A23), V (0,0) < V (1,1) if and only if

3 a(1+p) 1 aB Z/ a(1+8) 1 aff
1+2% 1+2 “\1+~ 1+2 '
Substituting 1 + Z = %, this inequality reduces to (32). It follows from (29) and (30)

that, if (32) is satisfied, the only possible payoff ranking is (31).
Deriving expression (33). From (A20) and (A23), the gap ® = V (0,0) — V (1,1)

equals
~\ atapf I\ at+2a8
1
¢1Og{<i) ( +{> }
z 1+2

Substituting 2z’ = pZ and eq.(15) in the above expression yields equation (33) in the text.
The Rawls-optimal path. Along a Rawls-optimal path U;y; = Uy = U* in any ¢ > 0,

where U* is the maximum utility level that can be sustained indefinitely. Utility per capita

is constant if y; = y* at any t > 0, implying mya® = y*. Defining &, = m;z,, the Rawls-

1
optimal path requires #; = Z* = (y*)= constant. Multiplying by m; the resource constraint
ri11 (L+n) = (1+¢)(ry —x;), and defining 7y = rym;, we obtain

Fep1 = (L+p) (7 — T7). (A25)

Equation (A25) has a unique steady state
= —F" (A26)

which is unstable since p > 0. Setting £* > 7op (1 + p)_l we would have 7, — —o0,
which is unfeasible; setting &* < 7op (1 + p)_1 we would have 74 — 400, which is feasible
but technologically inefficient (there would be waste of productive resources). Hence, the
Rawls-optimal plan features * = 7op (1 + p)~ ', which implies x5 = rop(1+ p)_l. Since
x; must decline geometrically at rate ¢ to ensure constancy of Z*, natural capital and the
resource stock evolve according to expression (34) in the text. Hence, output per capita



«
is y* = [morop(l + p)fl} at each t > 0. Given y*, lifetime utility is maximized by the

consumption bundles
(c*,e*) = argmax {log ¢+ Bloge* sub y* =c" +e* (14 n)fl} .

Substituting the resulting first-order condition e* = fB¢* (1 +n) in the aggregate budget
constraint gives conditions (35), which are the same as in Mourmouras (1993).

Also the first-best policy is analogous to Mourmouras (1993). At time zero, the resource
stock is expropriated and a stock Jy of fiat currency is introduced in the economy as a
lump-sum transfer to the initial old. Denoting the quantity of money per young individual
as j: = Jo/Ng, the first father receives (and consumes)

Ji(1+mn)

2 = €p
Yy k)
Pt

where p! is the price index of the economy. All successive generations face individual
constraints

e = wy+se— (Je/p}), (A27)
eerr = (ji/pl4a) (A28)

where s; is the lump-sum subsidy through which the government transfers all rents from
natural capital to the currently young. Hence, consumers maximize U; subject to (A27)-
(A28), obtaining first-order conditions

etr1 = Bey (pil/pﬂ_l) . (A29)

Since the government is implementing the depletion paths (34), transfers to the young equal
st = ay* in each period: substituting this amount in the budget constraints (A27)-(A28)
together with the first-order condition (A29), we obtain

Ct = (1+ﬂ)71y*:C*,
e = B(l+n)(1+p)" "y =¢,

which is indeed the Rawls-optimal allocation (35).

3 Man-made capital (section 4.1)

Derivation of (43) and (44). Output is now given by ¥ = X** N*2 K and profit-
maximizing conditions read

pr=o1(ye/at),  we=ooy, i = a3 (Ye/ke). (A30)
The individual budget constraints read

Ct = Wi — qia¢ (]. — d) — kt+1, (A?)].)

err1 = Qo1 + i1 (1= 7) Zegr +ipy  kega (A32)

From (A31)-(A32), the present-value budget constraint of each consumer reads

e 1
o+ o = wp — gar (1= d) + — [grp10er1 + 1 (1= 7) mep] (A33)
Yit1 Y41

Substituting p;+1 (1 — 7) = g¢41 from (13) and apq1 + @441 = 1441 = (L +€) a; from (4),

& a
Ct =+ _It:_l = Wt =+ kit [qt+1 (1 =+ 6) — qt (1 — d)] . (A34)
Y1 Yi1



Maximization of lifetime income in (A34) yields the Hotelling rule

1-d
dt+1 _ i ( ) , (A35)

qt 1+¢

whereas maximization of lifetime utility subject to (A34) gives the Euler condition
erp1 = Perify - (A36)

Expressions (A35)-(A36) imply conditions (44) in the text. Substituting (A35)-(A36) back

in (A34) yields
Wy (e %
= = — 9 A.37
1+8 148" (A37)

Ct

which is condition (43) in the text.
Derivation of (45). Substituting (A37) in (A31),

qar (1 —d) + ki1 =we —cr = %yt. (A38)
Using ¢; = p: (1 — 7) and p; = a1 (y¢/x), net expenditure in resource assets equals
aor (1 -y = L0=D0=D, (A39)
Plugging (A39) in (A38), we get
kv oof 041(1—7')(].—(1). (A40)

v  1+B 2t
On the other hand, substituting if,; = a3 (yi41/ki41) and p; = a1 (yi/2;) in (A35), we

obtain ) L
t+1 Tt+41 -
= . A41
Yt a3<$t>(1+5) (Ad1)

Plugging (A41) in (A40), we get

asf ar(1—-7)(1—d) _ et 1—d
1+5 2 _a?’(:z:t )<1+5)' (Ad2)

A shortcut here is to note that z; must be constant since only depends on z;: substi-

tuting % = }iz in (A42) indeed yields expression (45) in the text.
The fact that z; is constant can also be verified from the government budget constraint
(11) - which is balanced with constant tax-subsidy rates only if z; is consant - or even proved

as follows: rewrite (A42) as

Ti41 1—-d Oégﬁ Tt
= —a (-7 (1-d) |+ -1 A4
oo () (150) = 25 -m-na-a (2 -1). @
and consider the resource constraint: from 7,41 = (1 +¢) (r; — z¢) and (A43) above, the

dynamics of resource exploitation are reduced to the two-by-two system of difference equa-
tions

Tt41
Tt

Tt41 =  Q117t + G127,
Tyl = @217t + Q22%¢,
where
ay; = a12:1+€>0,
a1 = 7(0&1/0&3)(177’)(1+€)<O,
wft+a(1+8)(1-d)(1-1)
o (1+8)(1—d)(1+e) |

Q22 =



Denoting by (; 5 the eigenvalues of the system, the characteristic equation is

¢* = (a11 + a22) ¢ + (a11022 — a12a21) =0, (A44)

displaying roots

C12=(1/2) [an +age £ \/(au + a22)2 — 4 (a11022 — a12a21)

Denoting by (, the stable root, the resource stock evolves according to r¢41 = (,r¢ with rg
given. Substituting this solution in r;11 = (1 +¢) (r; — x¢), and recalling that z; = z;/a,
we obtain 1+ z = (14¢)¢, ", which is constant (Q.E.D.). Note that multiplying both
sides of (A44) by a3 (1 + )" we obtain (except for the presence of taxes and subsidies) the
same characteristic equation in Mourmouras (1993: eq.(56), p.264), so that this procedure
is equivalent.

Equilibrium dynamics (46). Given a constant depletion rate,

x a T —1
ti1 =0t =01 =0+¢e)(1+2)

whereas output and man-made capital evolve according to

1—d\ o aae
9t+1 = 3 <1+z> Tk g (A45)
aq @3
935/+1 = ( t+1) (9t+1) . (A46)

where (A45) is obtained by substituting y; = 7' k;** in equation in (A41). From (A45) we
have

OF =01 = (o) (0F) (A47)

which can be log-linearized as (defining ; = log 8?)
9f+1 = 0107 + a0y = asf] + aylog[(1+¢)/ (1+ 2)]. (A48)

Since ag < 1, éf converges to the unique steady state

0" = 1_ log[(1+¢)/(1+2)].
lo%:

As a consequence,
Jim 0F = [(1+e)/(1+2)]T% . (A49)

From (47), it derives that output and capital grow at the same rate in the long run, that is,
lim Hf = lim 6Y.
t—o0 t—o0

Substituting (A46) yields expression (46) in the text. Also the interest rate is constant in
the long run:

hm 1y = hm as (ye/ke) = (1 —|—z) hm 07 =1+2)[(1+e)/(1+ z)]1 = (A50)

Critical condition (47). Using (A36) and (A37), lifetime utility of agents born in ¢

equals
2 Yt azanf
U, =1 + 51 . A5l
t Og(lJrﬂyt) Blog |:kt+1 (1+6)yt+1] ( )




: g _ asazf Yt
Setting ei1 = irp1fc = S5 (k't+1

constraint ki1 =y — ¢ — e; yields ki1 = o,y¢, where

=1— Q2 _azasﬂ <yt1)
148 1B\ ke

)ytﬂ in period t and substituting in the aggregate

is taken as given by agents born in period ¢. Hence, (A51) can be rewritten as

B
U, = log { ff 5 [@f&‘"jﬂm] } +1logy + Blog yrss. (A52)

Using the definition of ¢, in (A18), output at subsequent dates can be written as!

= ToRl T A53
Yt ( Zt) ( )
Zt ]. + € o as a3
= . Ab4
Yt+1 ( 2) (1 Zt+1)) SDt ( )

where we have used ky'?; = (@,5¢)**. Substituting (A53)-(A54) in (A52),

Zt *
=, +1
Ut ¢ 1108 (1+Zt)

1 a1
14e z \"T
; (A55)

1 + Zt+1 1 —|— Zt

where we have defined

Q) =log

-
07 ke [ asanBo O pp g
1+ P (1+6)

Since 2} is taken as given by agents born in ¢, the gap between utility under life-persistent
transfers (z; = 241 = 2’) and under laissez-faire (z; = z¢41 = Z) is given by

—V(0,0)—V(1,1) = log{{ C:iﬂaﬁalmm)(1112,)&16}. (A56)

From (A56), setting 2’ = uZ, the condition for ® < 0 is given by inequality (47) in the text.
It should be stressed that the above expression for the welfare gap is valid at each point in
time: although the model with man-made capital displays transitional dynamics in interest
rates, we have derived (A56) by using intertemporal equilibrium relations, without imposing
steady-state or long-run values for any endogenous variable. As a consequence, the critical
condition for having a negative welfare gap is determined by the same inequality, ® < 0, in
each period. The reason for this time-invariant condition is that z is constant over time,
so that the intertemporal allocation of natural wealth for each agent along her lifecycle is
determined by the same equilibrium condition independently of the time (t =1 or ¢t — oc0)
in which the agent happens to be alive.

4 Monopoly rents (section 4.2)

Derivation of (49)-(50)-(51). Given the production function

Y, = XV1NV2 ZB
j=1

(4.

IWith 6 =n = 0, ¢ defined in (A18) is here simplified by the fact that p = ¢ and mg = 1.



final-good producers maximize profits with first order conditions

p Xy = Y,
w L = voY,
Pl = vaX{'L? B(”;)jtl. (A57)

Monopolistic producers of By;y take the demand schedule (A57) as given and maximize
profits

_ b v v vy—1
7y = Buy (bl — 1) = Boy (v X0 L2 Bg T 1), (A58)
obtaining first-order condition
1
By = B, = (V3X['N"2) T (A59)
which is expression (49) in the text. Plugging (A59) in (A57) gives
1
b_ b _
b =P = vs’ (A60)
and substituting (A60) in (A61) gives equilibrium profits
1—-v
77'('15 = ﬁ(j),t = < 3> Bt. (A61)
V3

Multiplying both sides of (A61) by g/N gives equation (50) in the text. Substituting (A59)
in the aggregate production function gives (51).
Derivation of aggregate constraint (55). See derivation of (69) below.
Derivation of (56). Profit maximization implies wy = vay: and pray = v1y;. Using
these conditions and substituting (43) and gb; = vy, in (55) yields

i1 = [(1—23) 1+ 8) —va] 1+ 5) " yepa. (A62)
From (A62) and (44), we obtain
Tr1 _ vaB(l4e) (1 d)~!
e (1=vi)(1+8)—ve’
which implies that z; is constant over time (knife-edge equilibrium). Substituting 6 =

(14¢)(1+2)"" yields expression (56).
The gap function (58). Substituting (43) and (A62) in the utility function gives

2 .17 2L
A e (1) T e

(A63)

1)
1+8

U; = log

where we have substituted y;y; from (57). Substituting z; = rz (1 +z)_1 and by =
1
(ygzc;“) '=¥3 in the production function yields

vi

1 ( 3 Vl) 171’/3 z 1-v3 (A65)
= gis \V3T
Yt V% t 3"t 1 )

where 7 is taken as given by agents born in ¢. Substituting (A65) in (A64) we get

v1(1+8)

v1B

T—vg 1+E T—vg
U, = Q" +1 i A66
t t Tiog (1+z) <1+z> ’ (AG6)

1— 2 14+ _ B 1 o 1+8
( V3)1(+ﬁﬁ) 1/2‘| (1,%9 (y%ré’l)l%)

where
1)

Q) =log 115

is historically determined. Setting z = 2’ for V (1,1) and z = Z for V (0, 0), the gap function
is ® =V (0,0) — V (1,1) can be expressed as in (58).



5 R&D activity (section 4.3)

Derivation of system (70)-(71). Substituting (64), (67) and 71 = v3* (1 —v3) bris
in (68) we obtain

. Gi+1 — G¢) (M1 + V41 _ _
ity = (92 2 ElftJr +1) =& [vs (1 - v3) by +§t+11] .

Substituting (63) and recalling that y; = u;Qgtbt,

v

it = (14 vws (1— )] 804, = [1+ws (1 —vg)] (67,,) 77, (A67)

where we have used (61). Now rewrite the Hotelling rule (44) as

Z'?-H =(1+¢e)0},, [(1—d)o7,]

Plugging (A68) in (A67) and using 67, , = 67,,07.,, we get

s _ (1+e L+ (he/ye)
t“_(ld) [1+1/)1/3(11/3) ’ (AG9)

where we have substituted 6, , = [1+ 1 (h¢/y;)] from (62) and (63). The only endogenous
variable in (A69) is the marginal propensity to invest in R&D, h;/y;, which can be obtained
as follows. Rewrite (65) as

ctfye=wi—vi(L—d) (1 —7) 27" — gror — (he/ye)

and substitute (43) and (64) to obtain

! (A68)

hefys =vaB(L+B) =y —v (1 —d)(1—7)z L (A70)

which is equivalent to expression (71) in the text. Note that the marginal propensity to
invest in existing firms, f;/y; = 1/1, must be less than unity in an interior equilibrium, so
that positive R&D activity requires 1 > 1 as claimed in footnote 20. From (A69) and (A70),
the growth rate of natural capital solely depends on z;, which is therefore constant and
obtained recursively: setting 67, = (1 +¢) (1+ z)~" in (A69) yields (70), to be combined
with (A70) as shown in the main text.

The critical condition (74). From (43) and (44), lifetime utility equals

U; =log [ctprﬁﬂﬁ (i?+1)5:| = log { {Vz 1+ 5)71 yt} o B’ (Z'éﬁrl)ﬁ} :
1

Substituting (A67) and 8° = (14+¢)(1+2) ",

viB

1+ T—va
1) 14+e\1-7s
Uy =log { 871+ ws (1 — v3)]° (HB) (1—|—z) T (AT71)
Substituting z; = 74z (1 4+ 2)” " in (60), output reads
R S (2 \Tn
Ye = gy bt =vg Cgury T =gy vy ™ 1+ 2 . (AT2)
Plugging (A72) in (A71) yields
v1B Y1
T=vs —=(1+8)
14+e\™s [ 2z \™%
Uy =Q) +1 AT73
K ¢ tlog <1—|—z) <1—|—z> ’ (AT3)

10



where we have defined

vy 2vg

143
Q)" =log {ﬁB [1+ s (1 - v3))” (Vz (L+8) " gur u3> } :

which is taken as given by agents born in ¢. Hence, from (A73),

(AT4)

2\ 1o (1H8) r\ (1428) =
zZ\ s 1+2z 1=vs
@V(0,0)V(l,l)logl(ﬂ) <1+2> ]

Setting 1 = 2'/Z, it follows from (A74) that ® < 0 when inequality (74) holds.
Derivation of aggregate constraint (69). Since the aggregate production function
displays constant returns to scale, profit maximization of final output producers implies

Yo = DTy + wy + V3 giby = ey + e + qrar (1 — d) + fi + hy] + Vglgtbt,

where the term in square brackets follows from (65). Setting (66) at time ¢ and substituting
for q;a; yields
Y =c¢ +e+hy — gy + Vglgtbta

where we have simplified p;a:7 = grazd from (11). Substituting monopoly profits per capita
T = vz (1 —v3)b; yields (69). Setting h; = 0 (no R&D investment) gives the aggregate
constraint in the model with monopoly rents - expression (55).
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